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The Cauchy problem is studied for a system of nonlinear partial differential
equations for some dissipative flows in Lagrangian formulation including heat
conduction, damping relaxation, and coupling to electric field. The well-posedness
of smooth solutions is investigated. It is proved that, for certain large initial data,
the solution will develop singularities and shock waves in finite time, which
indicates that the Cauchy problem does not have global smooth solutions even if
the initial data are smooth, and one has to seek weak solutions. Q 1998 Academic
Press
1. INTRODUCTION
We are concerned with a system of partial differential equations which
arises in semiconductor devices and biophysics. The Lagrangian formula-
tion of the system reads
¨ y u s 0, x g R, t ) 0, 1 .t x
E u
u y p ¨ , T s y , 2 .  .Ã xt ¨ t
u W y 3r2 T .
W y up ¨ , T s E y q kT , 3 .  . .Ã xt x x¨ t 9
where ¨ , u, T , r, W, and E denote the specific volume, velocity, tempera-Ã
ture, pressure, energy, and the electric field, respectively; T ) 0 is the
lattice temperature, k ) 0 is the heat conductivity, and t ) 0 and t 9 ) 0
are relaxation times. The electric field E is the gradient of the electric
* E-mail address: dwang@math.ucsb.edu.
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potential f satisfying
E s f , E s ¨ y D x , 4 .  .x x
 .where D x is the doping profile.
We consider the Cauchy problem of this system with general large initial
data. The issue is in which function space the Cauchy problem is well-posed
globally in time. For smooth and small initial data, we can expect the
global existence of smooth solutions to this system because of the damping
w xeffects in the momentum and energy equations, see 3, 7, 14 . That is, the
Cauchy problem is well-posed globally in smooth function space for small
initial data. The question is whether or not this problem is well-posed
globally in some smooth function space for general large initial data. The
answer is not obvious for this system, since this system has complicated
coupling effects of damping relaxations, heat diffusion, and electric dissi-
pation. For the hyperbolic system without these terms, it is known that
 w x.there is no global smooth solutions cf. 1, 8, 9, 11 . For the system with
heat and momentum diffusion, there exist global smooth solutions for
 w x.general large initial data cf. 2, 12 . For our system, the global smooth
solutions exist for small initial data. In this paper we investigate if one can
expect the smooth solutions globally in time for large initial data. Our
results show that the smooth solution can exist only for a finite time, and
will eventually develop singularities and shock waves, although this system
contains heat diffusion and damping. Therefore one cannot expect the
well-posedness of the Cauchy problem in the smooth function space
globally but shortly in time, and has to seek global weak solutions in some
other discontinuous function spaces. This new result indicates that the
heat diffusion together with damping and electric dissipation still can not
prevent the formation of singularities for large initial data. Earlier work,
w xsuch as 4]6, 14 , showed that heat diffusion or damping alone cannot
prevent shock waves. It is a challenging problem to prove the global
 .  .existence of weak solutions to system 1 ] 4 for general large initial data.
This is under investigation for some special case of the system.
We will give the notations and state the main result in Section 2. Several
essential a priori estimates on the solution will be made in Section 3. This
is achieved by certain energy estimates and a similar form of free energy to
w x4, 6 . The main result will be proved in Section 4. The key idea of this
proof is to apply the differential operators along the characteristics to
certain Riemann invariants, and then to derive proper differential equa-
tions which govern the evolution of the derivatives of the Riemann
invariants.
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2. NOTATIONS AND MAIN RESULT
 .  .We consider system 1 ] 4 with the following form of pressure and
energy,
1
2p ¨ , T s p ¨ q a T y T , W ¨ , T s u q e ¨ , T , .  .  .  .  .Ã
2
3 .  .  .with a ) 0 a constant and e ¨ , T s P ¨ q T y aT ¨ y ¨ , ¨ ) 0 a2
¨ .  .  .  .  .constant, P ¨ s H p j dj , p9 ¨ ) 0, p0 ¨ ) 0 for ¨ ) 0, and p ¨¨
s 0. We take the following Riemann invariants
¨ ¨’ ’r s u q p9 j dj , s s u y p9 j dj , 5 .  .  .H H
¨ ¨
and the differential operators along the characteristics
’ ’) s ­ y p9 ¨ ­ , 9 s ­ q p9 ¨ ­ . 6 .  .  .t x t x
 .Set u s T y T. Then Eq. 3 can be rewritten into
2 2a
u y ku s T q u u q H ¨ , u , u , 7 .  .  .t x x x3 3
2 .  . .  .  .  ..where H ¨ , u, u s 2t 9 y t r3tt 9 u y 2r3t 9 P ¨ y aT ¨ y ¨ y
 .  .urt 9. We investigate the Cauchy problem of 1 ] 4 with the initial data
¨ , u , T , f x , 0 s ¨ x , u x , T x , f x 8 .  .  .  .  .  .  . .0 0 0 0
Y .  .  .  .satisfying the compatibility condition: f x s ¨ x y D x . Take u x, 00 0
 .  .s u x s T x y T. Then we have the following theorem:0 0
2 2 .  .THEOREM 1. Assume ¨ , u , u g C R , and u g L R , ¨ y ¨ , u g0 0 0 0 0 0
1 . 2 .L R l L R , ­ ¨ , ­ u , ­ u , ­ f ª 0, as x ª "`,x 0 x 0 x 0 x 0
< < < < < <¨ y ¨ - d , u - d , u - d , 9 .0 0 0
` 2 22 2< < < < < <¨ x y ¨ q u x q u x q ¨ x y ¨ q u x dx - d , .  .  .  .  . .H 0 0 0 0 0
y`
10 .
x
` 2Q x s ¨ j y D j dj g L l L R , 11 .  .  .  .  . .H 0
y`
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and for some positi¨ e constant K ,1
sup y­ u x y p9 ¨ x ­ ¨ x’ .  .  . . /x 0 0 x 0
x
q sup y­ u x q p9 ¨ x ­ ¨ x - K . 12’ .  .  .  . . /x 0 0 x 0 1
x
Then, for some d ) 0, gi¨ en any L ) 0, there exists K ) 0 depending on2
L, ¨ , T , d , K , such that, if1
sup ­ u x q p9 ¨ x ­ ¨ x’ .  .  . . /x 0 0 x 0
x
q sup ­ u x y p9 ¨ x ­ ¨ x ) K , 13’ .  .  .  . . /x 0 0 x 0 2
x
the maximal length of the time inter¨ al of existence of any smooth solution is
less than L.
To prove this theorem, we will first make a priori estimates on the
solutions in Section 3.
3. ESTIMATES OF SOLUTIONS
2  . w xAssume that we have a C solution ¨ , u, u , f on R = 0, L for some
2 1 2 .  .  .  .  .positive L - 1, and u x, ? g L R , ¨ x, ? y ¨ , u x, ? g L l L R ,
and ¨ , u , u , E ª 0 as x ª "`. For sufficiently small L - 1 and d -x x x
 . <  . < <  . < <  . <min ¨ , T , 2 r2, we have ¨ x, t y ¨ - ¨r2, u x, t - 1, u x, t - Tr2
 . w xfor any x, t g R = 0, L . We will prove that for small d , L can be
selected a priori such that the above holds for any solution with the initial
 .  .conditions satisfying 9 ] 11 , which is a consequence of Lemma 2 and
Lemma 3 below.
LEMMA 1. There exists a constant L ) 0, such that, for any x g R and
w xt g 0, L ,
` `t22 2 2 2u q ¨ y ¨ q u dx q u x , s dxds F Ld , .  . .H H H x
y` 0 y`
x u
< <E x , t F L , E j , t dj F L . .  .H ¨y`
Proof. We note that the internal energy e and the pressure p satisfyÃ
e s p y Tp , then there exist a free energyÃ Ã¨ T
3 3
s s s ¨ , T s P ¨ q a ¨ y ¨ u q T ln T y ln T q T , .  .  .  .
2 2
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and a corresponding entropy
3
h s h ¨ , T s ya ¨ y ¨ y ln T y ln T , .  .  .
2
 .satisfying s s p, s s yh, and s s e y Th. Equation 3 impliesÃ¨ T
2u 3 kT uux2s q uh q y T q u y up q kÃx2  / /2 2 TT xt
2u u T u W y 3r2 T . .
s E y y .
¨ t T t 9T
w xIntegrate it over R = 0, t to get
2
` `u 3 kTt 2s q uh q y T x , t dx q u dxdt .H H H x2 /2 2 Ty` 0 y`
`
2u 3
s s q uh q y T x , 0 dx .H  /2 2y`
2
` u u T u W y 3r2 T . .t
q E y y dxdt.H H  /¨ t T t 9T0 y`
< <There exist two positive constants C , C , such that, for ¨ y ¨ - ¨r21 2
< <and u F Tr2,
u2 32 2 2C ¨ y ¨ q u q u F s q uh q y T . .1 2 2
2 2 2F C ¨ y ¨ q u q u . . .2
 .  .  .Integrating Eq. 4 , and using 1 and 11 , we have
t
E s u x , s ds q Q x , .  .H
0
and then by Jensen's inequality,
` ` `u
2 2E dx F C u dxds q C E dxH H H¨y` y` y`
2
` ` `t 22F C u dx q C u x , s ds dx q C Q x dx .  .H H H H /y` y` 0 y`
` `t2 2F C u dx q C u dxds q C.H H H
y` 0 y`
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The following estimate is immediate from the form of the energy,
` `u W y 3r2 T . .t t 22 2y dxds F C u q u q ¨ y ¨ dxds. . .H H H H
t 9T0 y` 0 y`
Therefore, from the above estimates and the initial conditions, we obtain
` `t2 2 2 2¨ y ¨ q u q u dx q u x , s dxds .  . .H H H x
y` 0 y`
`t 2 2 2F CL q C ¨ y ¨ q u q u dxds, . .H H
0 y`
When L - d 2, Gronwall's inequality yields
` `t2 2 2 2 2¨ y ¨ q u q u dx q u x , s dxds F Ld . .  . .H H H x
y` 0 y`
Lemma 1 follows.
LEMMA 2. For small L - 1,
< < < < w x¨ x , t y ¨ F Ld , u x , t F Ld , x , t g R = 0, L , .  .  .
for some constant L ) 0.
 .  .Proof. Applying the differential operators 6 to 5 , we have
E u E u
r) s y q au , s9 s y q au . 14 .x x¨ t ¨ t
Set
x 1 3
2x s x x , t s u q P ¨ q u dj , .  .H  /2 2y`
 .  .then integrating Eq. 3 over y`, x with respect to x, one has
x y u p ¨ q a u q T .  . .t
x xu x aT
s Edj y q ku q ¨ y ¨ dj , .H Hx¨ t 9 t 9y` y`
and then
1 3
2’ku s x ) q p9 ¨ u q P ¨ q u q M .  .x  /2 2
1 3
2’s x 9 y p9 ¨ u q P ¨ q u q M , 15 .  .  . /2 2
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where
x xu x aT
Msyu p ¨ q a u qT y Edj q y ¨ y¨ dj . .  .  . . H H¨ t 9 t 9y` y`
 .Set x s x x, 0 and0
a a
w s r y x y x , c s s y x y x , 16 .  .  .0 0k k
 .  .then, using 15 to eliminate u in 14 , we getx
E u a’w) s y q p9 ¨ .
¨ t k
1 3 1 3 a
2 2= u q P ¨ q u y u y P ¨ y u q M .  .0 0 0 /2 2 2 2 k
17 .
E u a’c 9 s y y p9 ¨ .
¨ t k
1 3 1 3 a
2 2= u q P ¨ q u y u y P ¨ y u q M . .  .0 0 0 /2 2 2 2 k
 .  . w xIntegrating ¨ y ¨ y u s 0 over y`, x = 0, t and using the initialt x
condition, we have, for L - d ,
x ` t
< < < <¨ y ¨ dx F ¨ x y ¨ dx q u ds F Cd , .  .H H H0
y` y` 0
 . w xand then integrate 7 over R = 0, t and use integration by parts and
Lemma 1,
` ` `2a 1t t
u dx F uu dxds q u dx ds q CdH H H H Hx3 t 9y` 0 y` 0 y`
` `1t t2 2F C u q u dx ds q u dx ds q Cd .H H H Hx / t 90 y` 0 y`
`1 t2F Cd q Cd q u dx ds.H H
t 9 0 y`
w xBy Gronwall's inequality, for t g 0, L , L - 1, the following holds
`
u dx F Cd .H
y`
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 .Equation 7 indicates that u has a representation in terms of the heat
kernel, and we integrate it with respect to x and use the above estimates
to get
x
w xu y , t dx F Cd , ; x g R, t g 0, L . .H
y`
< <  .  .Therefore, Lemma 1 implies x F Cd . From 16 and 5 ,
w q c a
y1u s y x y x , ¨ s B w y c , .  .02 k
y1 ¨ . ’where B is the inverse of the operator B ¨ s 2 H p9 j dj . .¨
w xFor each t g 0, L , define the Lipschitz functions
< < < <F t s max w x , t , C t s max c x , t . .  .  .  .
x x
 x  .  .Fix t g 0, L . There are two points x, x g y`, ` , such that F t sÃ Ï
<  . <  . <  . < w x, t , C t s c x, t . This is guaranteed by the properties of theÃ Ï
.  xsolution at infinity. For any h g 0, t ,
’F t y h G w x q h p9 ¨ , t y h , .  .Ã /
’C t y h G c x y h p9 ¨ , t y h , .  .Ï /
then
d d
< < < <F F w) x , t , C F c 9 x , t . 18 .  .  .Ã Ï
dt dt
 .By 17 and using Lemma 1, the properties of the solution, and the above
estimates, we have
d u x , t u x , t .  .Ã Ï
F q C F L q q . 1dt t t
w x , t q c x , t w x , t q c x , t .  .  .  .Ã Ã Ï Ï
F L q q2 2t 2t
w x , t q c x , t .  .Ã Ï
F q L2t
F L F q C q L . .
 .  .The initial conditions imply that F 0 F Ld and C 0 F Ld . If L - d ,
< < < <then F q C F Ld , that is, ¨ y ¨ F Ld , u F Ld . For d small enough,
< < < <¨ y ¨ ) F Ld - ¨r2, u F Ld - 1. This completes the proof of Lemma 2.
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 .LEMMA 3. There exists a constant L ) 0, such that, for x, t g R =
w x0, L ,
< <u x , t F Ld . .
 . n 2 ny1  .Proof. Multiply 7 by 2 u , and integrate it over y`, ` to obtain,
using the integration by parts,
`d n2u x , t dx .Hdt y`
`2k 2ny 12yn 2F y 4 y 2 ­ u dx .  .H x3 y`
`
22k 2a2ny 1 n2 2 n 2 2q ­ u dx q 2 Ld max u .H x3 3k xy`
` `2aT n nn 2 y1 n 2 y1q 2 u u dx q 2 u H ¨ , u , u dx. .H Hx3 y` y`
From integration by parts and Lemma 1,
`2aT nn 2 y12 u u dxH x3 y`
2aT n nn n 2 y2 2 y2F 2 y 1 2 uu u dx q uu u dx . H Hx x /3 < < < <u Fd u )d
` `2aT nn ny1 2 y2 2 2F 2 y 1 2 d u dx q u dx . H Hx /3 y` y`
`2aT ny 1 ny1n n y1 1yn 2 2q 2 y 1 2 d 2 uu ­ u dx . H x3 y`
`2aT k aT2ny 1 nn n 2 2F 2 y 1 2 ­ u dx q max u .  .H x2 n3 k xaT 2 y`
`1 Ln n2 y2 2 2q d u dx q d ,H x /2 2y`
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By Lemma 2, we have the estimate
` nn 2 y12 u H ¨ , u , u dx .H
y`
`2 2t 9 y t 1nn 2 y1 2s 2 u u y P ¨ y aT ¨ y ¨ dx .  . .H  /3 2tt 9 t 9y`
` nn 2y 2 u dxH
y`
2 2t 9 y t 1nn 2 y1 2F 2 u u y P ¨ y aT ¨ y ¨ dx .  . .H  /3 2tt 9 t 9< <u Fd
2 2t 9 y t 1nn 2 y1 2q 2 u u y P ¨ y aT ¨ y ¨ dx .  . .H  /3 2tt 9 t 9< <u )d
` `ny 1 ny1 nn 2 2 n 2F C2 d u q C2 u dxH H
y` y`
2
` `ny 1 ny1 n ny1n 2 2 n 2 n 2F C2 d u q C2 max u q C2 u .H H /xy` y`
For any « ) 0,
xn ny1 ny12 2 2max u s max 2u j , t ­ u j , t dj .  .H x
x x y`
` `2ny 1 n2 y1 2F « ­ u dx q « u dx .H Hx
y` y`
2
` `12ny 1 n ny12 2 y1 y2 2F « ­ u dx q max u q 2 « u dx . .H Hx  /2 xy` y`
Then
2
` `2n ny1 ny12 2 y2 2max u F 2« ­ u dx q « u dx . .H Hx  /x y` y`
Choosing « small enough, we obtain
2
` ` `d n ny1 ny1 ny12 6 n 2 n 2 2u x , t dx F C2 u dx q C2 d u dx .H H H /dt y` y` y`
`n n2 n 2 y2 2 2 n 2q C2 d u dx q C2 d .H x
y`
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w xIntegrate it over 0, t and use the initial condition and Lemma 1 to get
2
` `tn n ny12 2 6 n 2u x , t dx F Cd q C2 u x , s dx ds .  .H H H /y` 0 y`
`tny 1 ny1 nn 2 2 2 n 2q C2 d u x , s dxds q C2 d . .H H
0 y`
` 2 n .Define A s max H u x, t dx, n s 1, 2, 3, . . . . Thenn 0 F t F L y`
A F C26 nA2 q C2 nd 2 ny 1A q C22 nd 2 n .n ny1 ny1
By induction on n, there is a constant L ) 0, such that A Fn
y6 n y1r2 .2 n 5 5 n <  . <2 L Ld . Then u F Ld . Letting n ª `, u x, t F Ld for2
 . w x < <any x, t g R = 0, L . For d small enough, u F Ld - Tr2. This com-
pletes the proof of Lemma 3.
4. PROOF OF THEOREM 1
 .  .Recall that, by applying the differential operators 6 to 5 , we obtain
 .  .Eq. 14 . We now set w s r and v s s . Then u s w q v r2, ¨ sx x x x
 .y1r2 .p9 ¨ w y v r2, and ¨) s v, ¨ 9 s w. Taking the partial derivative
 .with respect to x in 14 , one has
1 1y1 y1 2w) s y p9 ¨ p0 ¨ ¨)w q p9 ¨ p0 ¨ w .  .  .  .
4 4
E w q vy1r2 y1y p9 ¨ w y v y q 1 y ¨ D x q au , .  .  . x x2 2t2¨
1 1y1 y1 2v9 s y p9 ¨ p0 ¨ ¨ 9v q p9 ¨ p0 ¨ v .  .  .  .
4 4
E w q vy1r2 y1y p9 ¨ w y v y q 1 y ¨ D x q au . .  .  . x x2 2t2¨
 .1r4Multiplying the above by the integrating factor p9 ¨ , we get
1 21r4 y5r4 1r4p9 ¨ w ) s p9 ¨ p0 ¨ p9 ¨ w .  .  .  . .  .4
E y1r4y p9 ¨ w y v .  .22¨
1r4p9 ¨ w q v .  . 1r4 y1y q p9 ¨ 1 y ¨ D x .  . .
2t
1r4q a p9 ¨ u , . x x
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1 21r4 y5r4 1r4p9 ¨ v 9 s p9 ¨ p0 ¨ p9 ¨ v .  .  .  . .  .4
E y1r4y p9 ¨ w y v .  .22¨
1r4p9 ¨ w q v .  . 1r4 y1y q p9 ¨ 1 y ¨ D x .  . .
2t
1r4q a p9 ¨ u . . x x
 .From 7 ,
3 a 3
u s u y T q u u y H ¨ , u , u .  .x x t x2k k 2k
3 3 a 31r2s u ) q p9 ¨ u y T q u u y H ¨ , u , u .  .  .x x2k 2k k 2k
3 3 a 31r2s u 9 y p9 ¨ u y T q u u y H ¨ , u , u , .  .  .x x2k 2k k 2k
 .then by 15 , one has
31r4 1r4 3r4p9 ¨ u s k p9 ¨ u q p9 ¨ x ) .  .  . .x x 22k
3 y3r4 1r2y p9 ¨ p0 ¨ ku q 3 p9 ¨ x v .  .  . .28k
a 11r4 1r4y T q u p9 ¨ u y p9 ¨ .  .  .xk k
u2 1 u2 3
= y q P ¨ q u y aT ¨ y ¨ .  . / /t t 9 2 2
3 3r4y p9 ¨ u p ¨ q a u q T .  .  . .2 2k
x u x
q Edj yH /¨ t 9y`
3 1 35r4 2q p9 ¨ u q P ¨ q u .  .2  /2 22k
3 1r4 3r4s k p9 ¨ u y p9 ¨ x 9 .  . .22k
3 y3r4 1r2y p9 ¨ p0 ¨ ku y 3 p9 ¨ x w .  .  . .28k
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a 11r4 1r4y T q u p9 ¨ u y p9 ¨ .  .  .xk k
u2 1 u2 3
= y q P ¨ q u y aT ¨ y ¨ .  . / /t t 9 2 2
3 3r4q p9 ¨ u p ¨ q a u q T .  .  . .2 2k
x u x
q Edj yH /¨ t 9y`
3 1 35r4 2q p9 ¨ u q P ¨ q u . .  .2  /2 22k
Introduce two functions
3a1r4 1r4 1r2f s p9 ¨ w y p9 ¨ ku q p9 ¨ x , .  .  . .22k
3a1r4 1r4 1r2g s p9 ¨ v y p9 ¨ ku y p9 ¨ x , .  .  . .22k
then
3ay1r4 1r4 1r2w s p9 ¨ f q p9 ¨ ku q p9 ¨ x , .  .  . .2 /2k
3ay1r4 1r4 1r2
v s p9 ¨ g q p9 ¨ ku q p9 ¨ x , .  .  . .2 /2k
and
f q g 3ay1r4u s p9 ¨ q u . .x 2 2k
Combine the above calculations to get
1 3ay5r4 y1 1r22f ) s p9 ¨ p0 ¨ f q p9 ¨ p0 ¨ ku q p9 ¨ x f .  .  .  .  . .24 4k
E y1r2y p9 ¨ f y g .  .22¨
3a y1 1r2y p9 ¨ p0 ¨ ku q 3 p9 ¨ x g .  .  . .28k
2a T q u 1 .
y q f q g . /2k 2t
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9a 2 3aE1r4 1r42q p9 ¨ p0 ¨ x y p9 ¨ x .  .  .4 2 24k 2k ¨
3a 1r4 1r4 y1y p9 ¨ u q p9 ¨ 1 y ¨ D x .  .  . .
2kt
3a 3 a1r4 1r4y p9 ¨ T q u u y p9 ¨ .  .  .2 k2k
u2 1 u2 3
= y q P ¨ q u y aT ¨ y ¨ .  . / /t t 9 2 2
x3a u x3r4y p9 ¨ u p ¨ q a u q T q Edj y .  .  . . H2  /¨ t 92k y`
3a 1 35r4 2q p9 ¨ u q P ¨ q u , .  .2  /2 22k
1 3ay5r4 y1 1r22g 9 s p9 ¨ p0 ¨ g q p9 ¨ p0 ¨ ku q p9 ¨ x g .  .  .  .  . .24 4k
E y1r2y p9 ¨ f y g .  .22¨
3a y1 1r2y p9 ¨ p0 ¨ ku q 3 p9 ¨ x f .  .  . .28k
2a T q u 1 .
y q f q g . /2k 2t
9a 2 1r4 2q p9 ¨ p0 ¨ x .  .44k
3aE 3a1r4 1r4 1r4 y1y p9 ¨ x y p9 ¨ u q p9 ¨ 1 y ¨ D x .  .  .  . .2 2 2kt2k ¨
3a 3 a1r4 1r4y p9 ¨ T q u u y p9 ¨ .  .  .2 k2k
u2 1 u2 3
= y q P ¨ q u y aT ¨ y ¨ .  . / /t t 9 2 2
x3a u x3r4q p9 ¨ u p ¨ q a u q T q Edj y .  .  . . H2  /¨ t 92k y`
3a 1 35r4 2q p9 ¨ u q P ¨ q u . .  .2  /2 22k
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w xDefine Lipschitz functions on 0, L
< < < <F t s max f x , t , G t s max g x , t , .  .  .  .
x x
F " t s max "f x , t , G" t s max "g x , t . .  .  .  . .  .
x x
 . q . y .  . q . y . w xClearly, F t F F t q F t , G t F G t q G t . Fix t g 0, L ,
y .  . y .  .choose y, y g R, such that F t s yf y, t , G t s yg y, t , then simi-Ã Ï Ã Ï
 .lar to 18 , we have
d d
y yF t F yf ) y , t , G t F yg9 y , t , .  .  .  .Ã Ï
dt dt
 .  .and by 19 , 20 , and Lemmas 1]3,
d
y y y y q qF t qG t FC F t qG t qC F t qG t qC , .  .  .  .  .  . .  .  .
dt
then, integrate it to get
ty y q q y yF t qG t FC F s qG s dsqC F 0 qG 0 qC .  .  .  .  .  . .  .H
0
t q qF C F s q G s ds q L K q L . .  . .H 1
0
w x q .  . q .Fix t g 0, L , choose x, x g R, such that F t s f x, t , G t sÃ Ï Ã
 .g x, t , thenÏ
d d
q qF t G f ) x , t , G t G g 9 x , t , .  .  .  .Ã Ï
dt dt
 .  .and similarly, by 19 , 20 , and Lemmas 1]3, we have
d 2q q q q q qF t q G t G m F t q G t y L F t q G t .  .  .  .  .  . .  .  .
dt
y L Fy t q Gy t y L .  . .
2q q q qG m F t q G t y L F t q G t .  .  .  . .  .
t q qy L F s q G s ds y L K y L , 21 .  .  . .H 1
0
 . q . q .with m ) 0 a constant. By 13 , F 0 q G 0 G L K y L. Then for2
 . q . q .sufficiently large K , from 21 , one can check that F t q G t will2
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blow up at a finite time which is less than L. The proof of Theorem 1 is
now completed.
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